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Abstract- Using a proper scaling of the amplitude-to-thickness ratio. the influence of large ampli­
tudes on free flexural vibrations of shear-deformable plates with hinged edges and polygonal
planforms becomes independent of the special plate geometry. From this non-dimensional formu­
lation. the nonlinear fundamental period is calculated using the Dirichlet-Helmholtz-eigenvalue of
the domain under consideration. On the other hand. results from literature for various polygonal
plate geometries can be unified by a transformation. taking into account the influence of shear or
neglecting this effect.

I. INTRODUCTION

In the classical paper by Chu and Herrmann (1956), a remarkable influence of "large"
amplitudes on the periods of flexural vibrations ofelastic plates is reported.t Figure I shows
the results of Chu and Herrmann (1956) for simply supported rectangular plates with
immovable edges in the form of frequency ratios Oh/W.v = T,/TL as a function of the
"amplitude"-to-thickness ratio elI. (L) and (N) stand for linearized and nonlinear results,
respectively, and T is the fundamental vibration period. It is seen from Fig. I that there is
little influence of the plate aspect ratio a/b, but the plate strip a/b .... 0 does not converge to
the simply supported beam with span a.

Those results have been derived following von Karman's nonlinear theory of linear
elastic plates rigid in shear, cf. Ziegler (1985, p. 198). Solutions of von Karman's equations,
however, are difficult to obtain for even the simplest plate geometries or conditions of
support. Considerable improvement has been achieved by Berger (1955), who neglected the
influence of the second invariant of the middle surface strains on the plate deformation.
Thus, the influence of von Karman's in-plane forces is replaced by tensile forces of hydro­
static type being constant within the whole plate domain. It has been emphasized by
Nowinski and Ohnabe (1972) that the corresponding simplified calculations result in an
excellent agreement with von Karman's theory as long as in-plane motions of the plate
edges are prevented. While this statement is reasonable from a mechanical point of view, a
mathematical justification has been given by Schmidt (1974) using a proper perturbation
method. Nonlinear free flexural vibrations of rectangular plates with hinged immovable
edges have been treated by Nash and Moodier (1960) following Berger's approximate
theory. Identical results have been derived by Wah (1963), who achieved further sim­
plifications in the solution strategy by a priori eliminating the in-plane displacements from
the equations. Results of Nash and Modeer (1960) and Wah (1963), which are also shown
in Fig. 1, agree well with those ofChu and Herrmann (1956). Note, however, that the former
results are independent of the rectangle's aspect ratio a/b.

This latter observation is the starting point of the present paper: Following Wah's
solution strategy, but using an adequate dimensionless formulation of Berger's equations
extended to shear-deformable plates, it is shown that the ratio T.v/TL of polygonal plates
with hinged, immovable edges can be presented in a form independent of the special plate
geometry. Conversely, the Berger-type results for rectangles given in Fig. 1 can be used-

t A comprehensive recent review on nonlinear plate vibrations is given by Sathyamoorthy (1987).
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Fig. I. Dimensionless nonlinear fundamental vibration period T.V/TL as a function of amplitude­
to-thickness ratio cih for various plate geometries. s "" O. (Note thIll, fixing Ts:TL • the ratio of c/h

for rectangle and one-span beam is J2.)

when properly interpreted-for such plates of arbitrary polygonal planform. (The cited
discrepancy between one-span beam and plate strip is resolved as a by-product.)

These statements are confirmed by means of results from the literature concerniml:
rectangular and triangular plates. ~

2. BERGER'S EQUAnONS FOR THE FREE VIBRAnONS OF SHEAR-DEFORMABLE PLATES

Due to Berger's assumption of neglecting the influence of the second invariant of the
strain tensor in the middle surface, the dynamic plate deflection w is governed by the
differential equation of the linearized problem supplemented by tensile hydrostatic in-plane
forces n, which are uniformly distributed within the plate domain

K(I +ns)L\L\w-nL\w-KphsL\I~'+ pM,; = O. (I)

In eqn (1), K = Eh 3/12(1-v 2
) is the plate stiffness. p denotes mass density, and L\ is

Laplace's operator. A dot stands for time derivative. Influence of shear is given by

(2)

in case of isotropic plates with the coefficient of shear /(2 = 5/6. Plates considered rigid in
shear are described by the limit s -+ O. The influence of rotatory inertia is neglected in eqn
(I), which formally is a specialization of Mindlin's theory of linearized vibrations taking
into account in-plane forces n, cf. Irschik (1985). Equation (I) is in accordance with the
Berger-type equations ofshear-deformable plates given by Wu and Vinson (1969), compare
eqn (32) of Wu and Vinson (1969). It has been noted by Wu and Vinson (1969) that the
influence of rotatory inertia generally is small for the problem under consideration, while the
influence of shear may become important, especially in case of plates made of transversely
isotropic material, where G of eqn (2) has to be replaced by the transverse shear modulus
Gc = (Tx=12c:x== (Ty=l2ey=' (There is, e.g., 20 ~ EIGc~ 50 in the case of pyrolytic graphite­
type materials, while EIG = 2(1 +v) in the isotropic case.)

Furthermore, eqn (1) has to be used for sandwich plates with thin surface layers, where
the proper expressions for K and s may be taken from the literature, cf. Plantema (1966).

It has been shown by Irschik (1985) within the context of Mindlin's sixth-order theory
of free vibrations that the fourth-order differential eqn (1) is sufficient for the determination
of the deflection w in the case of simply supported plates of polygonal planform. In this
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latter case. the boundary conditions of vanishing deflection, edge rotation and bending
moment can be decoupled to two conditions in terms of w, namely to Navier's form

w = 0, dw = 0 at the boundary (3)

well-known from plates rigid in shear (Ziegler, 1985. p. 28t).
Following Wu and Vinson (1969). Berger's normal force n is not affected by the

influence of shear explicitly. Hence, according to Wah (1963)

n = _!!- rwdw dA
2A JA

(4)

where D =Eh/(I _v2), and A is the area of the plate domain. Equation (4) is valid, if the
plate edges are prevented from in-plane motions. This case of immovable edges is the
appropriate one for Berger's theory, cr. Nowinski and Ohnabe (1972), Schmidt (1974).

Equation (4), the differential eqn (1) and the boundary conditions (3) altogether
with proper initial conditions define the nonlinear initial-boundary-value problem under
consideration.

3. SOLUTION IN r-;ON-DIMENSIONAL FORM

Following Chu and Herrmann (1956), solutions of the problem are sought in the
separated form (single-term Ritz-Ansatz) :

w(x; t) = q(t)w*(x) (5)

where the non-dimensional generalized coordinate q is due to appropriate initial conditions,
e.g.

q(O) = 1, 4(0) = o. (6)

In order to study the influence of large amplitudes upon the fundamental period, w* is set
proportional to the first eigenfunction of the linearized theory WI, and is scaled with the
amplitude c, which carries the dimension of length

(7)

Note that c is not necessarily equal to max (w*). Applying Galerkin's procedure to eqn (1)
and inserting eqn (5) into eqn (4) leads to the following equation of motion for the
generalized coordinate q

(8)

where

(9)

In order to get general results, the integrals occurring in eqns (8) and (9), which contain
second- as welt as fourth-order derivatives of WI' have to be determined independent of the
special planform of the plate. Such general expressions exist for the case of polygonal,
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simply supported plates, where-due to boundary conditions (])-the eigenfunction H' I is
governed by the Dirichlet-Helmholtz-eigenvalue problem

.1.Wl +X1WI = 0

WI = 0 at the boundary ( 10)

with XI denoting the first eigenvalue. Note that eqn (10) is valid for such plates with or
without in-plane forces, and that it is valid for Kirchhoff-plates (rigid in shean. cr. Ziegler
(1985), p. 437, as well as in Mindlin's theory of shear-deformable plates. The latter point
has been worked out in Irschik (1985), where the corresponding relations between :< I and
TL = 21t/W1L are listed.

Using eqn (to), which reflects the eigenvalue problem of a linear elastic prestressed
membrane, and indeed is restricted to the plate type under consideration. all the integrals
in eqns (8), (9) can be expressed by means of the membrane eigenvalue 'XI

(II)

(12)

where the norm PI is defined through

(13)

Thus, eqn (8) becomes

Equation (14) is equivalent to the dimensionless formulation

q"+q+ cq 3 = 0

where the non-dimensional amplitude parameter cis

dimensionless time is

(14)

(15)

(16)

(17)

and a prime denotes differentiation with respect to t.
The exact solution of this homogeneous Duffing eqn (15) under initial conditions (6)

is given in terms of Jacobi's elliptic cosine-function

where

q = cn(ulm) (18)
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m = c/2(1 +C).

(19)

(20)

For initial conditions q(O) = 0.4(0) = 1, the solution is proportional to the elliptic function
sd. The elliptic functions en and sd pass over to the transcendental cosine and sine functions.
respectively, if c- O. Note that the corresponding linearized period of vibration is

(.:m

whereas both elliptic functions have the period

k is the complete elliptic integral of the first kind.
The ratio of nonlinear to linearized fundamental period is equal in non-dimensional

and in real-time representation

TN TN 2k(m)
T

L
= T;. = 1l(1 +C) 1/2 •

Analogously, using the Ritz-Ansatz for the periodic time function

(23)

(24)

and applying Galerkin's procedure to eqn (15), integration is over one period, the
approximation

(25)

to eqn (23) is derived, which, as has been demonstrated by Chu and Herrmann (1956) in
the case of a plate strip, is of sufficient accuracy within the range of max (w*)/h < 5/2.

4. FORMULATION OF THE ANALOGY

Equations (23) and (25) reflect the main result of the present paper:

(i) Plates with polygonal, simply supported, immovable edges having the same value
of c result in the same ratio TN/TL , regardless of the special geometry of their planform.
(This has been shown above within the context of Berger's theory including the effect of
shear). TN/TL is given in Fig. 2 as a function of c.

In literature, however, TN/TL is not given as a function of the similarity complex cof
eqn (16), but as a function of c/h alone. Since the norm III may be chosen freely, such a
known result from literature for a special plate geometry can be transformed to another
problem:

(ii) Given TN/TL for the triple ofvalues c/h, III and Ksa" a plate with the value (Ksal)*
results in this same ratio TN/TL at the same ratio c/h, if the norm iITis chosen to be

(26)

i.e. if w* ofeqn (7) is rescaled in the proper manner.
(iii) Conversely, given TN/TL for a given C, a plate with (Ksal)* and PT results in the
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Fig. 2. Unifying representation of r"jTL as a function of the dimensionless amplitude parameter
(C) 1/2. eqn (16). including the effect of shear. TL denotes the linear period of the shear-deformable
plate. (For example: quadratic plate. EIGc = 50. ~. = 0.25. :t l = 2r?ja2• /I, = I 4. eik = I.
..fi == 1.75. r"iTL == 0.55; from Wu and Vinson (1969) Figure I. cf. eqn (45): r"fTL ==

1/(1.26... 2.05) 0.55).

same value of T,v/TL at the ratio

(2i)

As a consequence, results from plates rigid in shear (s = 0) can be transformed to
shear-deformable plates.

Those transformations, eqns (26) and (27). respectively, may serve as control
conditions, while the main unifying representation is shown in Fig. 2, using the proper
similarity complex cof eqn (16), taking into account a free choice of the norm IJI t and the
physical meaning of the "amplitude"-scale c, respectively.

In a first example, the discrepancy between the results of Wah (1963) for rectangular
plates and the results for one-span beams, see Fig. I, is resolved. In Wah (1963).
WI = sin (xx/a) sin (xy/b) has been used. Thus, PI = 1/4 and c= 3(c/h)2/2. Inserting into
eqn (23) with s =0, coincidence with eqn (22) of Wah (1963) (case "a" of Appendix A),
is obtained. Results for the one-span beam are derived using w, = sin (xx/a). Thus, IJT = 1 2
and, following eqn (27), equal values of T.V/TL for the rectangle and for the beam should
be obtained at (c/h)* = (c/h)/.j2, respectively. This is easily checked from Fig. l.

Next, shear-deformable rectangular plates are considered. The linearized eigenvalue is
:XI = x 2[(l/a 2

) + (l/b2)J. UsingIJI = 1/4,s = 615Gch,andinsertingintoeqn(23).coincidence
with Figs 1-3 ofWu and Vinson (1969) is obtained.

As a further example, consider right-angled isosceles triangular plates with s = O.
Using WI = sin (xxla) sin (2xyla) +sin (2xx/a) sin (xy/a), there is IJ = 1/2. Thus TN/TL =
2k/x(l +3(c/h) 2) '/2, see eqn (23). The same result has been derived by Banerjee (1968).
This result is equivalent to the beam-result of Fig. I, where PI = 1/2. Very close
agreement is found with a von Karman-type calculation of Chaudhuri (1982). At a first
glance no agreement is found with an advanced FEM-calculation of Mei et al. (1979).
However, rescaling w, such that w,(a/4,a/4) = I, there is IJT= 1/4, and practically exact
agreement of Mei et al. (1979) with eqn (23) is the result. Thus Mei's results for triangles

tConveniently, but not necessarily /I. is chosen to give max(w*) = e. As will be seen below. this is not
uniformly performed in literature.
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coincides with the results of Wah (1963) for rectangular plates, see Fig. 1. Note from this
example that the norm PI has to be introduced explicitly in order to get reproducible results.

5. CONCLUDING REMARKS

It is emphasized that, according to the above analogy, results of Fig. I are meaningful
not only for rectangular or triangular domains. Furthermore, using the approximation
(25), the ratio TN/TL may be calculated with the help of a standard pocket computer within
a few minutes using the similarity complex cof eqn (16). In case of s :1= 0, the Helmholtz
eigenvalue (Xl has to be known for an evaluation as a function of c/h, i.e. only a linear
second-order boundary value problem has to be solved, likewise to the associated linearized
fundamental period. In case of s = 0, a first short account of the above results has been
given by Irschik (1987).
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